ON MODULES WITH REDUCIBLE COMPLEXITY
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ABSTRACT. In this paper we generalize a result, concerning a depth equality over local rings, proved inde-
pendently by Araya and Yoshino, and Iyengar. Our result exploits complexity, a concept which was initially
defined by Alperin for finitely generated modules over group algebras, introduced and studied in local algebra

by Avramov, and subsequently further developed by Bergh.

1. INTRODUCTION

Throughout R denotes a commutative Noetherian local ring with unique maximal ideal m and residue
field k, and mod R denotes the category of all finitely generated R-modules.

In this paper we are mainly concerned with the following theorem of Auslander [4]:

Theorem 1.1. ([4, 3.1]) Let M,N € mod R be modules, either of which has finite projective dimension. If
TorR(M,N) = 0 for all i > 1, then it follows that depth(M) + depth(N) = depth(R) 4 depth(M ®g N).

Huneke and Wiegand extended Auslander’s result, and proved in [[14] that Tor-independent modules (not
necessarily of finite projective dimension) over complete intersection rings also satisfy the depth equality
of Theorem [T} such depth equality was dubbed “the depth formula” by Huneke and Wiegand in [[14].

The aforementioned result of Huneke and Wiegand was extended — independently by Araya and Yoshino
[3l], and Iyengar [[15] — to the case where the ring in question is local and either of the modules considered
has finite complete intersection dimension; see also Christensen and Jorgensen [11], Foxby [12] and Iyengar
[[1S] for extensions of the depth formula to certain complexes of modules.

The main purpose of this article is to prove an extension of Theorem[I.I] Our main result is:

Theorem 1.2. Let M,N € modR be modules. Assume Exth(M,R) = 0 for i > 0 and M has reducible
complexity. If TorR(M,N) = 0 for all i > 1, then depth(M) + depth(N) = depth(R) + depth(M @ N), i.e.,
the depth formula for M and N holds.

In the next section, we recall the definition of complexity and that of reducible complexity, and prove
Theorem [I.2]in section 3. Here let us note that the extension of Theorem [[.I] we establish in Theorem [I.2]
seems to be quite different in nature than those exist in the literature: all of the improvements of Theorem
@ which we are aware of, assume the finiteness of a version of a homological dimension of the module
in question. On the contrary, in Theorem [I.2] what we assume for the module M is not a homological
dimension. Moreover, our hypothesis on M is weaker than the condition “M has finite complete intersection
dimension ”. In general, if M has finite complete intersection dimension (e.g., R is a complete intersection),
then Exti (M, R) =0 for i > 0 and M has reducible complexity, but not vice versa: there do exist examples of

Key words and phrases. Auslander transpose, complexity, depth formula, vanishing of Ext and Tor, reducible complexity.
Sadeghi’s research was supported by a grant from IPM. Taniguchi’s research was supported by JSPS Grant-in-Aid for Young

Scientists (B) 17K14176 and Waseda University Grant for Special Research Projects 2018K-444, 2018S-202.
Corresponding Author: Naoki Taniguchi.



2 CELIKBAS, SADEGHI, TANIGUCHI

modules M over Gorenstein rings (so that Exty (M, R) = 0 for i >> 0) such that M has reducible complexity,

but M does not have finite complete intersection dimension; see, for example, [9, Example on page 136].

2. PRELIMINARIES

We refer the reader to [3} 18] for the definitions of standard homological dimensions, such as the complete

intersection dimension, and proceed by recalling the definitions of Auslander transpose and complexity.

2.1. Auslander Transpose. ([5, 2.8]) Let M be an R-module. Then the transpose TrM of M is given by
the exact sequence 0 — M* — Py I, P/ — TrM — 0, where (—)* = Homg(—,R) and P, ER Ph—-M—0
is a projective presentation of M. Notice, TrM is unique, up to projectives. Moreover, there is an exact
sequence of functors of the form:

@111) 0— Exth(TrQ"M, —) — TorX(M,—) — Homg (Ext}(M,R), —) — Extx(TrQ"M, —). O

2.2. Complexity. ([1,2}16.[7]) If B = {b;};>0 is a sequence of nonnegative integers, then the complexity of
the sequence B is cx(B) = inf{r € NU{0} | b, <A-n""! for some real number A and for all n >> 0}.

The complexity cx(M,N) of a pair of modules M,N € modR is cx ({ranky (Exty(M,N) ®gk)}). Then
the complexity cx(M) of M equals cx(M,k) so that it is a measure on a polynomial scale of the growth
of the ranks of the free modules in its minimal free resolution; see [7]. If M € mod R has finite complete

intersection dimension (e.g., R is a complete intersection), then cxg(M) < embdim(R) — depth(R). O

2.3. Weak Reducible Complexity. ([9]) Let M,N € modR. Consider a homogeneous element 1) of pos-
itive degree in the graded module Exty(M,N) = @ (Exty(M,N). Then choose a map fy : Q(M) — N
representing 7, where Q(M) denotes the syzygy of M and |n| denotes the degree of 1 in Exti(M,N). This

yields a commutative diagram with exact rows:

0 —— QM) —— Fyy —— Q") —— 0

b |

0 —— — Ky —— Q') —— 0.

Here K is the pushout of £, and the inclusion Q/(M) < Fiy)—1- Note the module Ky, is independent,
up to isomorphism, of the map f;; chosen to represent 7.
The full subcategory of modR consisting of modules having weak-reducible complexity is defined in-

ductively as follows:

(i) Each module in mod R of finite projective dimension has weak-reducible complexity.
(ii) If X € modR is a module with 0 < cxg(X) < oo, then X has weak-reducible complexity provided that
there exists a homogeneous element 1 € Exty(X,X), of positive degree, such that cxg(Kp) < cxg(X),

and Ky has weak-reducible complexity. (]

2.4. Reducible Complexity. ([9]) A module X € mod R has reducible complexity if it has weak-reducible
complexity and depthg (M) = depthg(Ky, ), where Ky, is the module discussed in Therefore, over Cohen-
Macaulay local rings, the class of modules having weak reducible complexity coincide with the class of

modules with reducible complexity. ]

2.5. Complete Intersection Dimension Versus Reducible Complexity. If M € mod R has finite complete

intersection dimension, then it has reducible complexity; see [9, 2.2(1)]. On the other hand, there are
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modules M € mod R having reducible complexity with infinite complete intersection dimension satisfying
Exth(M,R) = 0 for all i >> 0; see for example [0, Example on page 136] and [13] 3.1]. ]

3. MAIN RESULT

Bergh [9} 2.2(ii)] showed that, if R is a Cohen-Macaulay local ring and M € modR has reducible com-
plexity, then so does Q'(M) for each i > 0; his argument in fact implies that the Cohen-Macaulay assumption

can be removed for certain values of i. More precisely, Bergh’s result implies:
3.1. ([9) 2.2(ii)]) Let M € mod R be a module that has weak-reducible complexity.
(i) Then Q/(M) has weak-reducible complexity for each integer i > 0.
(ii) If # = depth(R) — depthg (M) > 2, then /(M) has reducible complexity foreachi=1,...,t—1. O
We will also need another result of Bergh:

3.2. ([9, 3.1]) Let M € mod R be a module that has reducible complexity. If Ext(M,R) = 0 for all i >> 0,
then it follows that depth(R) — depthg (M) = sup{i € Z | Exty(M,R) # 0}. O

The proof of Theorem relies on the following technical result whose proof is quite involved, and

hence deferred to the end of this section.

Lemma 3.3. Let M,N € modR be nonzero modules. Assume M has weak-reducible complexity. Assume
further Torf (M, N) = 0 = Exth(M,R) for all i > 1. Then it follows depthg (M ®g N) = depthgz(N) and that
Exth(TrM,N) =0 for all i > 1. O

Next is our main result, which is a generalization of Theorem@] advertised in the introduction. Recall
that, if R is a local ring and M € mod R is a module with Cl-dimg(M) < oo, then M has reducible complexity
and Exth(M,R) = 0 for all i > 0, but not vice versa, in general.

Theorem 3.4. Let M, N € modR be modules. Assume Ext{e (M,R) =0 for all j > 0. Assume further M has
reducible complexity. If TorlR (M,N) =0 foralli > 1, then the depth formula for M and N holds, i.e.,

depthg (M) + depthg(N) = depth(R) + depthgx (M Qg N).

Proof. We may assume both M and N are nonzero. Set t = depth R — depthg (M), and proceed by induction
on t. Note that, by we have t = sup{i € Z | Exty(M,R) # 0}. Moreover, we may assume ¢ > 1 as if
t = 0, then the assertion follows from Lemma[3.3]

Now we argue by induction on cxg(M). If cxg(M) = 0, then pdr(M) < oo, and so the depth formula
holds by Theorem Hence we assume assume pdg(M) = oo, i.e., cxg(M) > 1. As M has reducible

complexity, there exists a short exact sequence
3.411) 0—>M—K—Q"(M)— 0,

where n is a nonnegative integer, K € mod R has reducible complexity, cxg(K) < cxg(M) and depthy(K) =
depthy (M). Note, it follows from 1 1) that Ext{e (K,R) =0forall j>> 0, and TorX (K,N) =0 forall i > 1.

So the induction hypothesis on the complexity gives the equality:
342 depthp (K ) + depthg (N) = depth(R) + depthg (K Qg N).
Note, since TorlR (M,N) =0 for all i > 1, tensoring 1) with N, we obtain the exact sequence:

(3.413) 0> MRrRN = K®QrN — Q" (M)®@rN — 0.
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Next we will consider cases for the nonnegative integer n:
Case 1. Assume n = 0. Then Q"(M) = M, and the depth lemma applied to the short exact sequence 3)
yields depthy (M ®@g N) = depthy (K @z N). So, the depth formula for M and N holds by (3.4]2).

For the remaining cases, we will make use of the following observation; it follows easily from the depth
lemma and (3.4]3).

(3.414) The proof of the theorem is complete in case depthgz(Q"(M)®@gN) > depthz(K @ N).

Case 2. Assume n > t. Notice, by Q" (M) has weak-reducible complexity. Hence Lemma implies
that:

(348) depthg (Q" (M) ®g N) = depthg(N).
Therefore, since t > 1, (3.4]2) and (3.4]8) yield that:
depthp (K ®g N) < depthp (K ®g N) +1t = depthg(N) = depthp (Q" (M) ®r N).

Hence the required result follows due to (3.4]4).

Case 3. Assume 1 <n <t —1. In this case, by we know Q"(M) has reducible complexity. Since
depth(R) — depthgz (M) =t > 2, we have depthy (Q"(M)) = depthy(M) + v for some positive integer v with
1 <v <t—1. Hence, depth(R) — depthz(Q"(M)) =t —v < t. Now, by replacing the pair (M,N) with
(Q"(M),N), and by using the induction hypothesis on ¢, we obtain:

(B45) depthg (Q"(M)) + depthg (N) = depth(R) + depthz (Q" (M) @g N).
Thus, since depthg (Q"(M)) = depthg (M) + v, we conclude from (3.4]2) and (3.4]5) that:
(3.416) depthgp (Q"(M)®@gN) = v+depth(N) —t = v+ depth(K @g N).

In particular, we see from @}6) that:

(3.417) depth, (Q"(M) ®g N) > depthy (K @g N).

Thus the proof of Case 3, as well as the proof of the theorem, is complete by (3.4]4).
O

We now proceed to establish Lemma [3.3|and complete the proof of Theorem For that we will make

use of the following results, which are recorded here for the convenience of the reader.

3.5. ([3 4.1]) Let X,Y € modR be modules such that Ext,(X,Y) = 0 for all i > 1. Then it follows that
depthy (Homg(X,Y)) = depthy(Y). O

3.6. (5l 3.9]) Let 0 - A — B — C — 0 be a short exact sequence in mod(R). Then it follows that the
sequence 0 — C* — B* — C* — TrA — TrB — TrC — 0 is exact. |

3.7. Let M,N € mod R be modules and let n > 1 be an integer. Assume Exth (M, R) = 0 for all i > n. Then,
for each integer j with j > n, we have Exty(M,N) = Torf(TrQ/M,N) and TrQ/~'M = QTrQ/M (up to
free summands); see [5) 2.8] for details. OJ
3.8. ([91 2.3 and 2.4(i)]; see also 10, 2.1(ii)]) Let M € modR and let ) € Ext}Jl (M, M) be an element.

(i) There is an exact sequence 0 — Q"”(Kn) — K2 ®F — Ky — 0in modR, where F is a free module.
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(ii) Assume Ky reduces the complexity of M. Then it follows that:

oxg(Kp2) = cxp(Ky2 @ F) < max{cxg(Q"(Ky)),cxg(Kp)} = exg(Ky) < cxg(M).

Therefore, there is an exact sequence of the form 0 — M — K — Q21 (M) — 0, where K,» also
reduces the complexity of M. O

Remark 3.9. In [9] 2.4(1)] it is assumed that the ring in question is a complete intersection. Also, in [10}
2.1(i1)], it is assumed that the module M considered has finite complete intersection dimension. Although
we refer to 9} 2.4(1)] (or [10} 2.1(i1)]) in the proof of Lemma [3.3} we do not need that rings are complete
intersections or modules have finite complete intersection dimension in the context of our argument; see

B8 O

A Proof of Lemma[3.3] We set ¢ = cxg(M), and proceed by induction on c.

Assume ¢ = 0, i.e., pdg(M) < . Then, since Extiy(M,R) = 0 for all i > 1, it follows that M is free.
Therefore, TrM = 0 and the claim follows.

Next assume ¢ > 1. As Tor{e (M,N) =0 forall i > 1, it follows from l) that

@3 Exth(TrQ'M,N) = 0 forall i > 1.

Moreover, since Extiy(M,R) = 0 for all i > 1, the following stable isomorphism is deduced from
(332 TrQ" "M = Q' TrQ"M, for all positive integers u and v with u > v.

Therefore, for a given integer t > 2 and 1 < j < — 1, we have that:

B313) Ext)(TrQ ™M, N) = Extk(Q/~' TrQ' ™' M, N) = Exth(TrQ' ~/M,N) = 0.

The second isomorphism and the first equality in (3.3]3) are due to (3.3]2) and (3.3]1), respectively.
Now let ) € Exty(M, M) be an element reducing the complexity of M; see Hence, there is an exact

sequence of the form:
(334 0-M—K—QIM)—0,

where ¢ = || — 1, K = Ky, cxg(K) < ¢ and K has weak-reducible complexity. As Torf(M,N) =0 =
Exth(M,R) for all i > 1, it follows from 4) that Ext,(K,R) = 0 = TorR(K,N) for all i > 1. So, by the

induction hypothesis, we conclude:
(335) Exth(TrK,N) =0 for all i > 1, and depthy(K @ N) = depthg(N).

We proceed to prove the required assertions, i.e., the vanishing of Exti(TrM,N) for all i > 1 and the
depth equality depthy (M ®@g N) = depthg(N), in several steps.

Claim 1. We have that Extiy(TrQ4(M),N) = Extid ' (TrM,N) = Exty 7! (TrQ4 (M), N) for all i > 1.
Proof of Claim 1. The short exact sequence (3.34), in view of yields the exact sequence:

(3.316) 0— (QIM))" = K" — M — TrQ!(M) — TrKy — TrM — 0.
Since Extk(Q9(M),R) = 0, the following sequence is exact:

B3 0— TrQI(M) — TrK — TrM — 0.

We obtain, by applying Homg(—,N) to 7), the following long exact sequence:

(3:318) -+ — Exthy(TrM,N) — Exth(TrK,N) — Exth(TrQ4(M),N) — ---
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Now (3:3]8) and (3.3]5) give:

3319 Exti ! (TrM, N) = Exth(TrQ?(M),N) for all i > 1.

Consequently, for all i > 1, we establish:

(B3110)  Extg(TrQ4(M),N) = Extify | (TrM,N) = Extid | (QITrQ?(M),N) = Extyy 4™ (TrQ4 (M), N).

Here, in (33]10), the first and second isomorphisms are due to (3.3]9) and (3.3]2), respectively. This
completes the proof of Claim 1. ]

Claim 2. We have that Ext,(TrQ4(M),N) = Ext?j (qH)(TrQq (M),N) foralli>1and j > I.
Proof of Claim 2. This follows by repeated applications of Claim 1. O

Claim 3. We have that Ext, (TrQ24+ (M), N) = Exti ! (TrM,N) = Extzd 72 (TrQ24+ M, N) for all i > 1.

Proof of Claim 3. It follows that 17° reduces the complexity of M, and there are exact sequences:

@311 0—M—Z— Q¥ (M) -0,
and
B3112) 0— Q1" (K) - Z®F - K —0,

where Z = K,» and F is a free module; see @ and @
As Exth(K,R) = 0, the following exact sequence follows from (3.3/12) and

B3113) 0— TrK — TrZ — TrQI" 1 (K) — 0.
Applying Homg(—,N) to the exact sequence 13), we get a long exact sequence:
B3114) - — Exth(TrQI™ (K),N) — Extio(TrZ,N) — Exth(TrK,N) — ---

Note that Q77! (K) has weak-reducible complexity; see i). Note also cxg(QI7(K)) = cxg(K) < ¢,
and Exth (Q47!(K),R) = 0 = TorR (Q4*+!(K),N) for all i > 1. Therefore, by the induction hypothesis on c,
we have that Exty(TrQ4+!(K),N) = 0 for all i > 1. In view of (3.3]5) and (3.3]14), we conclude:

(B3l15) Exti(TrZ,N) = 0 for all i > 1.
The short exact sequence (3.3]11) and [3.6] yield the following exact sequence:
(B3}16) 0— (XM = (2)" = M* = TrQ* T (M) — TrZ — TrM — 0.
Since we have Ext,zf+2 (M,R) =0, by 16), we get the exact sequence:
B3117) 0 — TrQ¥ (M) — TrZ — TrM — 0.
Now (3:3}17) induces the long exact sequence for all i > 1:
(B3]18) -+ — Extiy (TrM,N) — Exth(TrZ,N) — Exthy(TrQ* ! (M),N) — - --
Consequently, for all i > 1, we have:
33119 Exthy (TrQ2 1 (M), N) = Extif | (TrM,N)
= Extj;rl Q2T Q¥+ (M), N)

=~ Extpd " (TrQ2 M, N)
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Here, in 19), the first isomorphism follows from the long exact sequence in 1 18) since Exti(TrZ,N)
vanishes for all i > 1; see (3.3]15). Furthermore, the second isomorphism of (3.3]19) is due to (3.3]2). This
completes the proof of Claim 3. |

Claim 4. Assume g > 1. Then, given j > 1, we have that Exth(TrQ?(M),N) = 0 for all i # j(g+ 1), i.e.,
Exth (TrQ4(M),N) = 0 for all i, where (j— 1)g+j <i< jg+(j—1).
Proof of Claim 4. Let j > 1 be an integer.

If j = 1, then setting t = g+ 1 in 3), we see that Ext}}(TrQ‘l(M),N) =0forall i with 1 <i<gq.
Hence assume j > 2. In this case, we have 1 <i— (j—1)(g+ 1) < ¢, and Claim 2 implies that:

(33120) Exthy(TrQ? (M), N) = Ext,y V=V (Tra (M), N)
We have observed Exty(TrQ?(M),N) =0 for all v with 1 <v < g¢. Thus, since 1 <i—(j—1)(g+1) <gq,
we see that Ext;e_(J “Dlath) (TrQ4(M),N) = 0. Therefore Claim 4 follows from 20). O

Claim 5. If ¢ > 1, then we have that Exth(TrQIM,N) = 0 for all i > 1.
Proof of Claim 5. We have:

@321 0 = Ext4" (TrQ2 1 (M), N) = Ext4" (TrM, N) = Ext&™ (TrQ4 (M), N)

Here, in (3.3]21), the first equality follows from (3.3]3) by letting # = 2¢g+2 and j = ¢ + 1. Furthermore,
the first and second isomorphisms are due to Claim 1 and Claim 3 (with i = g+ 1), respectively.

Claim 2, in view of 21), implies that 0 = Ext?rl (TrQ4(M),N) = Extl(fﬂ)ﬂ(q“) (TrQ4(M),N) for
all j > 1, ie., Ext;(qul)(TrQq (M),N) =0 for all r > 1. This observation, in combination with Claim 4,
establishes Claim 5. O

Claim 6. We have that Ext,(TrM,N) = 0 for all i > 1.
Proof of Claim 6. Assume first ¢ = 0. Then, for all i > 1, we have:

33122) Exti | (TrM, N) =2 Exth(TrM,N) = Extiy(TrQM, N)
Here, in (3.3]22), the first and the second isomorphism follows from Claim 1 and Claim 3, respectively.
Since Exth(TrQM,N) vanishes due to 1), we conclude that Extiy(TrM,N) = 0 for all > 1.

Next assume g > 1. Then, for all i > 1, we have:
B3122) 0 = Exth(TrQ?(M),N) = Extyy ' (TrM, N)
In (3.3]22), the first equality is due to Claim 5, while the first isomorphism follows from Claim 1. Conse-
quently, we have Ext}}(TrM ,N) = 0 for all i > 2. Furthermore, it follows:
(33123) Exth(TrM,N) = Ext(QITrQIM,N) = Extd™ (TrQIM, N) = 0
The first isomorphism of (3.323) is due to (3.3]2), and the first equality is from Claim 5. This proves the
vanishing of Extk(TrM,N) for all i > 1, and completes the proof of Claim 6. |

Claim 7. We have that depthy (M ®@g N) = depthg(N).

Proof of Claim 7. Recall that M* = Q2TrM & G for some free module G € modR; see Therefore, as
Claim 6 shows Ext,(TrM,N) = 0 for all > 1, we conclude that Extiy(M*,N) = 0 for all > 1. This implies,
in view of 3.3} that:

(3:3124) depthz(Hom(M*,N)) = depthg(N)
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On the other hand, since Exth(TrM,N) = 0 = Ext3(TrM,N) = 0, setting n = 0, we obtain from l that:

@325 M ®g N = Homg(M*,N)
Consequently, the proof of Claim 7 is complete due to (3.3]24) and (3.3]25). O
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